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Model

The equivalent time-domain baseband received signal is

𝑦[𝑛] = ℎ[𝑛] ⊛ 𝑥[𝑛] + 𝑤[𝑛], 𝑛 = 0, 1, … , 𝑁 − 1.

Taking the DFT of both sides gives

𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑊𝑘, 𝑘 = 0, 1, … , 𝑁 − 1.

where
• 𝑋𝑘 ∈ {+1, −1}
• ℰ𝑠 = 𝐸{𝑋2

𝑘} = 12+12
2 = 1

• 𝐻𝑘 ∈ ℂ
• 𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0)

𝑊𝑘 = 𝑊𝑘𝐼 + 𝑗𝑊𝑘𝑄, 𝑊𝑘𝐼 , 𝑊𝑘𝑄 ∼ 𝒩(0, 𝑁0
2 )
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Demodulation (Equalization & Decision)
We want to demodulate 𝑋𝑘 from 𝑌𝑘:

𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑊𝑘
= |𝐻𝑘|𝑒𝑗∠𝐻𝑘 𝑋𝑘 + 𝑊𝑘, 𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0)

𝑌𝑘𝑒−𝑗∠𝐻𝑘 = |𝐻𝑘|𝑋𝑘 + 𝑊𝑘𝑒−𝑗∠𝐻𝑘 , 𝑊𝑘𝑒−𝑗∠𝐻𝑘 ∼ 𝒞𝒩(0, 𝑁0)

⇒ ℜ{𝑌𝑘𝑒−𝑗∠𝐻𝑘} = |𝐻𝑘|𝑋𝑘 + ℜ{𝑊𝑘𝑒−𝑗∠𝐻𝑘}, ℜ{𝑊𝑘𝑒−𝑗∠𝐻𝑘} ∼ 𝒩(0, 𝑁0
2 )

ℑ{𝑌𝑘𝑒−𝑗∠𝐻𝑘} = ℑ{𝑊𝑘𝑒−𝑗∠𝐻𝑘}, ℑ{𝑊𝑘𝑒−𝑗∠𝐻𝑘} ∼ 𝒩(0, 𝑁0
2 )

Note that the imaginary part contains only noise, so we focus on the real part:

̃𝑌𝑘 = ℜ{𝑌𝑘𝑒−𝑗∠𝐻𝑘} = |𝐻𝑘|𝑋𝑘 + ̃𝑊𝑘, ̃𝑊𝑘 = ℜ{𝑊𝑘𝑒−𝑗∠𝐻𝑘} ∼ 𝒩(0, 𝑁0
2 )

Since 𝑋𝑘 = ±1, the decision threshold is 0. That is,

𝑋̂𝑘 = sgn( ̃𝑌𝑘) ,where ̃𝑌𝑘 = ℜ{𝑌𝑘𝑒−𝑗∠𝐻𝑘} = ℜ{𝑌𝑘
𝐻∗

𝑘
|𝐻𝑘|}
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Transmitted SNR

Before demodulation:
𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑊𝑘

where ℰ𝑠 = 𝐸{𝑋2
𝑘} and 𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0).

Hence, the transmitted SNR is:

Transmitted SNR = 𝐸{𝑋2
𝑘}

𝑉 𝑎𝑟{𝑊𝑘} = ℰ𝑠
𝑁0

Note: ℰ𝑠 = ℰ𝑏.
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Received SNR
After demodulation:

̃𝑌𝑘 = |𝐻𝑘|𝑋𝑘 + ̃𝑊𝑘
where ℰ𝑠 = 𝐸{𝑋2

𝑘} and ̃𝑊𝑘 ∼ 𝒩(0, 𝑁0
2 ).

Hence, the received SNR is:

Received SNR𝑘 = 𝐸{(|𝐻𝑘|𝑋𝑘)2}
𝑉 𝑎𝑟{ ̃𝑊𝑘}

= |𝐻𝑘|2𝐸{𝑋2
𝑘}

𝑁0/2 = 2|𝐻𝑘|2ℰ𝑠
𝑁0

Average Received SNR = 1
𝑁

𝑁−1
∑
𝑘=0

2|𝐻𝑘|2ℰ𝑠
𝑁0

= 2ℰ𝑠
𝑁0

1
𝑁

𝑁−1
∑
𝑘=0

|𝐻𝑘|2

If ℎ[𝑛] is normalized, then 1
𝑁 ∑𝑘 |𝐻[𝑘]|2 = ∑𝑛 |ℎ[𝑛]|2 = 1. Therefore:

Average Received SNR = 2ℰ𝑠
𝑁0
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BER

̃𝑌𝑘 = |𝐻𝑘|𝑋𝑘 + ̃𝑊𝑘

where ‖𝑋𝑘‖ = √ℰ𝑠,
𝑘 = 0, 1, … , 𝑁 − 1.

Assume equal prior probabilities
(i.e. 𝑃(𝑋𝑘 = ±1) = 1

2).

The BER for the kth symbol is:

𝑃𝑏,𝑘 = 2 × ⎛⎜
⎝

1
2 ∫

∞

|𝐻𝑘|√ℰ𝑠
√𝑁0/2

1√
2𝜋𝑒− 𝑥2

2 𝑑𝑥⎞⎟
⎠

= 𝑄 (|𝐻𝑘|√ℰ𝑠
√𝑁0/2

)

= 𝑄 (√2|𝐻𝑘|2ℰ𝑠
𝑁0

)

Hence, the average BER is:

BER = 𝐸{𝑃𝑏,𝑘} = 𝐸 {𝑄 (√2|𝐻𝑘|2ℰ𝑠
𝑁0

)}
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Parameters

• Number of transmission bits: 64 × 106

• Number of subcarriers: 64
• Length of CP: 16
• Channel length: 5
• Impulse response

(before normalization):

ℎ[𝑛] = 0.5𝑛(1 + 𝑗), 𝑛 = 0, 1, … , 4

• Offset of FFT windows: 0

The ℎ[𝑛] in figure is after normalized.
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Simulation Results

Note that the two graphs differ by 3 dB.
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Different Offsets of FFT Windows

• The first and second figures have offsets of 12 and 16, respectively.
• The maximum offset to avoid ISI can be calculated by:

Length of CP − Length of Channel + 1 = 16 − 5 + 1 = 12
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Zero Noise

Since there is no noise, the BER is zero.
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Simulation of 16-QAM

• The simulation parameters are identical to those used for BPSK.
• The theoretical BER is plotted using 𝐵𝐸𝑅 ≈ 𝑆𝐸𝑅/4 (Gray coding), which is

accurate only at high SNR; hence it deviates at low SNR.
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Simulation of 16-QAM

SER curve.
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Simulation of 16-QAM

The constellation under AWGN.
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Model of 16-QAM

The equivalent time-domain baseband received signal is

𝑦[𝑛] = ℎ[𝑛] ⊛ 𝑥[𝑛] + 𝑤[𝑛], 𝑛 = 0, 1, … , 𝑁 − 1.

Taking the DFT of both sides gives

𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑊𝑘, 𝑘 = 0, 1, … , 𝑁 − 1.

where
• 𝑋𝑘 = 𝐼𝑘 + 𝑗𝑄𝑘, 𝐼𝑘, 𝑄𝑘 ∈ {±1, ±3}
• ℰ𝑠 = 𝐸{|𝑋𝑘|2} = 𝐸{𝐼2

𝑘} + 𝐸{𝑄2
𝑘} = 2 × 12+12+32+32

4 = 10
• 𝐻𝑘 ∈ ℂ
• 𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0)

𝑊𝑘 = 𝑊𝑘𝐼 + 𝑗𝑊𝑘𝑄, 𝑊𝑘𝐼 , 𝑊𝑘𝑄 ∼ 𝒩(0, 𝑁0
2 )
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Demodulation of 16-QAM

We want to demodulate 𝑋𝑘 from 𝑌𝑘:

𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑊𝑘, 𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0)

By MD rule : 𝑋̂𝑘 = arg min
𝑥∈𝒮16

|𝑌𝑘 − 𝐻𝑘𝑥|2 = arg min
𝑥∈𝒮16

| 𝑌𝑘
𝐻𝑘

− 𝑥|2

̃𝑌𝑘 = 1
𝐻𝑘

𝑌𝑘 = 𝑋𝑘 + ̃𝑊𝑘, ̃𝑊𝑘 = 1
𝐻𝑘

𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0
|𝐻𝑘|2 )

⇒ ℜ{ ̃𝑌𝑘} = 𝐼𝑘 + ℜ{ ̃𝑊𝑘}, ℜ{ ̃𝑊𝑘} ∼ 𝒩(0, 𝑁0
2|𝐻𝑘|2 )

ℑ{ ̃𝑌𝑘} = 𝑄𝑘 + ℑ{ ̃𝑊𝑘}, ℑ{ ̃𝑊𝑘} ∼ 𝒩(0, 𝑁0
2|𝐻𝑘|2 )

Since 𝐼𝑘, 𝑄𝑘 ∈ {±1, ±3}, the decision thresholds are −2, 0, 2 to get ̂𝐼𝑘, 𝑄̂𝑘. Then
𝑋̂𝑘 = ̂𝐼𝑘 + 𝑗𝑄̂𝑘
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Transmitted SNR of 16-QAM

Before demodulation:
𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑊𝑘

where ℰ𝑠 = 𝐸{|𝑋𝑘|2} and 𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0).

Hence, the transmitted SNR is:

Transmitted SNR = 𝐸{|𝑋𝑘|2}
𝑉 𝑎𝑟{𝑊𝑘} = ℰ𝑠

𝑁0

Note: ℰ𝑠 = 4ℰ𝑏.

18 / 29



Received SNR of 16-QAM
After demodulation:

̃𝑌𝑘 = 𝑋𝑘 + ̃𝑊𝑘
where ℰ𝑠 = 𝐸{|𝑋𝑘|2} and ̃𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0

|𝐻𝑘|2 ).

Hence, the received SNR is:

Received SNR𝑘 = 𝐸{|𝑋𝑘|2}
𝑉 𝑎𝑟{ ̃𝑊𝑘}

= 𝐸{|𝑋𝑘|2}
𝑁0/|𝐻𝑘|2 = |𝐻𝑘|2ℰ𝑠

𝑁0

Average Received SNR = 1
𝑁

𝑁−1
∑
𝑘=0

|𝐻𝑘|2ℰ𝑠
𝑁0

= ℰ𝑠
𝑁0

1
𝑁

𝑁−1
∑
𝑘=0

|𝐻𝑘|2

If ℎ[𝑛] is normalized, then 1
𝑁 ∑𝑘 |𝐻[𝑘]|2 = ∑𝑛 |ℎ[𝑛]|2 = 1. Therefore:

Average Received SNR = ℰ𝑠
𝑁0
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SER of 4-PAM
For 4-PAM, the ℰ𝑎𝑣𝑔 and SER are

ℰ𝑠 = 1
4

4
∑
𝑚=1

𝐴2
𝑚 = 1

4 ((−3𝑑𝑚𝑖𝑛
2 )

2
+ (−𝑑𝑚𝑖𝑛

2 )
2

+ (𝑑𝑚𝑖𝑛
2 )

2
+ (3𝑑𝑚𝑖𝑛

2 )
2
)

= 5
4𝑑2

𝑚𝑖𝑛

𝑆𝐸𝑅 = 𝑃𝑒 =
4

∑
𝑚=1

𝑃(𝑒| ⃗𝑠𝑖)𝑃 ( ⃗𝑠𝑖) = 1
4

4
∑
𝑚=1

𝑃(𝑒| ⃗𝑠𝑖)

= 2
4𝑄 (𝑑𝑚𝑖𝑛

2𝜎 ) + 2
4 2𝑄 (𝑑𝑚𝑖𝑛

2𝜎 )

= 3
2𝑄 (𝑑𝑚𝑖𝑛

2𝜎 )

= 3
2𝑄 (√ ℰ𝑠

5𝜎2 )
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SER of 16-QAM
For 16-QAM, the ℰ𝑠, 𝜎 and SER are

ℰ𝑠 = 2 × ℰ𝑠,4𝑃𝐴𝑀 and 𝜎2 = 2 × 𝜎2
4𝑃𝐴𝑀

𝑆𝐸𝑅 = 𝑃𝑒 = 1 − 𝑃𝑐 = 1 − 𝑃 2
𝑐,4𝑃𝐴𝑀 = 1 − (1 − 𝑃𝑒,4𝑃𝐴𝑀)2

= 1 − (1 − 3
2𝑄 (√ ℰ𝑠

5𝜎2 ))
2

= 3𝑄 (√ ℰ𝑠
5𝜎2 ) − 9

4𝑄2 (√ ℰ𝑠
5𝜎2 )

Our model is ̃𝑌𝑘 = 𝑋𝑘 + ̃𝑊𝑘, where ℰ𝑠 = 𝐸{|𝑋𝑘|2} and ̃𝑊𝑘 ∼ 𝒞𝒩(0, 𝑁0
|𝐻𝑘|2 ). Therefore:

𝑆𝐸𝑅𝑘 = 3𝑄 (√|𝐻𝑘|2ℰ𝑠
5𝑁0

) − 9
4𝑄2 (√|𝐻𝑘|2ℰ𝑠

5𝑁0
)
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BER of 16-QAM
The SER of standard 16-QAM is

𝑃𝑒,𝑘 = 3𝑄 (√|𝐻𝑘|2ℰ𝑠
5𝑁0

) − 9
4𝑄2 (√|𝐻𝑘|2ℰ𝑠

5𝑁0
)

And for gray coding, 𝑃𝑏 ≈ 𝑃𝑒/4.
Hence, the BER of the kth symbol is

𝑃𝑏,𝑘 ≈ 3
4𝑄 (√|𝐻𝑘|2ℰ𝑠

5𝑁0
) − 9

16𝑄2 (√|𝐻𝑘|2ℰ𝑠
5𝑁0

)

The average BER is

𝐵𝐸𝑅 = 𝐸{𝑃𝑏,𝑘} ≈ 𝐸 {3
4𝑄 (√|𝐻𝑘|2ℰ𝑠

5𝑁0
) − 9

16𝑄2 (√|𝐻𝑘|2ℰ𝑠
5𝑁0

)}
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Appendix : BPSK Code 1
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Appendix : BPSK Code 2
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Appendix : BPSK Code 3
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Appendix : 16QAM Code 1
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Appendix : 16QAM Code 2
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Appendix : 16QAM Code 3
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The End
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