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The equivalent time-domain baseband received signal is
y[n] = hln] ® z[n] + w[n], n=0,1,...,N —1.

Taking the DFT of both sides gives

\YkZHka+Wk, k=0,1,..,N —1.

where
o X, e {+1,—1}
o & = EB{X}} =14 =1
® H eC
e W, ~CN(0,N,)
Wi =Wir+iWio, Wi, Wig ~ N(0, %)
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Demodulation (Equalization & Decision)

We want to demodulate X, from Y,:
Y, =H.X, +W,
= [H e’ X; + Wy, Wy ~ CN(0, Ny)
Yi,e 74 e = |H | X, + Wye 74 e We 745 ~ CN(0, Ny)

= R{V,e M} = |Hy | X, + R{W,e 7986}, R{We 795k} ~ N ( 770)
Ny
7)

Note that the imaginary part contains only noise, so we focus on the real part:

NO
5 )

Ve My = (Wi M), 3{Wye I} ~ N (O,

fk = R{V,e 7} = |H | X, + ka Wk = R{W.e 75} ~ NV (0,
Since X, = +1, the decision threshold is 0. That is,

Hy
|Hy|

X, =sgn(Y,) .where Y, = R{Y, e #4Hx} = R{Y, }
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Transmitted SNR

Before demodulation:

where &, = E{X?} and W, ~ CN (0, N).

Hence, the transmitted SNR is:

CB{XRY &

T i NR = —£
ransmitted S Var{Wk} N,

Note: &, = &,
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Received SNR

After demodulation:
Yk = |Hy| X}, + W,

where &, = E{X?} and W, ~ N (0, )
Hence, the received SNR is:

E{(H | X,)?} _ [HPE{XE}  20H,|%E,
Var{Wk} No/2 No

Lo|H, |2, 25 1 ,
Average Received SNR = N Z 70 Z |H,|

Received SNR, =

If h[n] is normalized, then + Zk |H[K]|> = 3 |h[n]|*> = 1. Therefore:

2¢,

0

Average Received SNR =
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The BER for the kth symbol is:

Yy, = [H| X + W,

1 o° 1 )

where | X[ = /&, P =2 (2 /r Var dm)
k=0,1,...,N —1. VNo/2
A | babil =Q (‘H’J\/&)

. it — RV ©s
(.SSUI';G()G(QUB pr1|(>)r pri))a 1H1ties \/W
|.e. = :i: = — ).

NO
Yeh= 0

L Neo, 2 Hence, the average BER is:
ervr
] il )
t | i 2|H 2(58
-|He|VE [Hel(z; BER = E{P,,} = F {Q (\/ 7’ ]f/ ) }
0
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Parameters

® Number of transmission bits: 64 x 10° 060 Rethin 050 Im¢hin}
® Number of subcarriers: 64 204 804
e Length of CP: 16 oz T o T
® Channel length: 5 0 T i 0 T ?
0 2 4 0 2 4
[} Impulse response Tap index n Tap index n
- IHIK]| s ZHIK]
(before normalization): s :
= g 1
. = °
hin] =0.5"(1+j), n=0,1,...,4 T [
o
e Offset of FFT windows: 0 0% 20 40 60 % 20 40 60
Subcarrier index k Subcarrier index k

The h[n] in figure is after normalized.
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Simulation Results

OFDM with BPSK modulation over static channel with AWGN

OFDM with BPSK modulation over static channel with AWGN

3 10° ¢ 3
Theoretical BER Theoretical BER
|= = Simulated BER | { o |= = Simulated BER

BER
2
b

10

109 _ . . ! . _ _ _ . . .
0 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16 18 20
Transmitted SNR = E./Np (dB) Received SNR = 2E,/Ng (dB)

Note that the two graphs differ by 3 dB.
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Different Offsets of FFT Windows

OFDM with BPSK modulation over static channel with AWGN OFDM with BPSK modulation over static channel with AWGN

10°

Theoretical BER | | ; — Theoretical BER
— — Simulated BER | N — — Simulated BER

0 2 4 6 B 1‘0 12 1‘4 16 0 2 4 6 8 10 12 14 16
Transmitted SNR = E./N; (dB) Transmitted SNR = E/N; (dB)

® The first and second figures have offsets of 12 and 16, respectively.

® The maximum offset to avoid ISI can be calculated by:
Length of CP — Length of Channel +1 =16—-5+1=12
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Zero Noise

OFDM with BPSK modulation over static channel with AWGN

Theoretical BER ;
— — Simulated BER | {

0 2 4 6 8 10 12 14 16
Transmitted SNR = Eg/Ng (dB)

Since there is no noise, the BER is zero.
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Simulation of 16-QAM

O%QM with 16QAM modulation over static channel with AWGN O%QM with 16QAM modulation over static channel with AWGN

Theoretical BER Theoretical BER
— = Simulated BER — = Simulated BER
107!
x x
L L
m m
102
10-3 L
0 5 10 15 20 25 -10 -5 0 5 10 15 20
ES/N0 (dB) Eb/N0 (dB)

® The simulation parameters are identical to those used for BPSK.

® The theoretical BER is plotted using BER ~ SER/4 (Gray coding), which is
accurate only at high SNR; hence it deviates at low SNR.
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Simulation of 16-QAM

OfgaM with 16QAM modulation over static channel with AWGN OfgaM with 16QAM modulation over static channel with AWGN

Theoretical SER Theoretical SER
= = Simulated SER = = Simulated SER
107k 1 10+ ]
1e 1e
L L
0] 0]
102+ 1 102+ ]
10-3 L L . L 10-3 L L L L L
0 5 10 15 20 25 -10 -5 0 5 10 15 20
ES/N0 (dB) Eb/NO (dB)
SER curve.
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Simulation of 16-QAM

Tx Constellation Rx Constellation

The constellation under AWGN.
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Model of 16-QAM

The equivalent time-domain baseband received signal is
y[n] = hln] ® z[n] + w[n], n=0,1,...,N —1.

Taking the DFT of both sides gives

\YkZHka+Wk, k=0,1,..,N —1.

where
* Xp=1I,+jQp I, Qp € {£1,£3}
o &, = B{|X, >} = E{I}} + B{Q}} = 2 x 1HL248%43% _ g
® H eC
e W, ~CN(0,N,)
Wi =Wir+iWio, Wi, Wig ~ N(0, %)
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Demodulation of 16-QAM

We want to demodulate X, from Y} :
Yy, = HiXp, + Wy, Wy~ CN(0,Ny)

5 . .Y
By MD rule : X, = arg min |Y; — H,z|> = arg min |-~ — z?
TES 14 €S 14 k

~ 1 ~ ~ 1 N,
YV — —V. =X - ~ CN 0
ES Tk gt Wi Wi Hka CN(0, |Hk|2)
» - ~ N,
= R{Y,} = I, + ®R{W,}, R{W,} ~N(0, ﬁ)
o A N
Y} = Qp +3{W,}, J{W,} ~ N(0, Q\HZP)

Since I, Q; € {1, 43}, the decision thresholds are —2,0,2 to get I, Q,. Then
X, = I, + jQ,
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Transmitted SNR of 16-QAM

Before demodulation:

where &, = E{|X,|?} and W, ~ CN (0, N,).

Hence, the transmitted SNR is:

B{IX,"} _ &,

T itted SNR = ——% - = %
ransmitted S Var{W,} — N,

Note: &, = 4¢,.
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Received SNR of 16-QAM

After demodulation: . -
where &, = E{|X,|*} and Wk ~ CN(0, H, ‘2)

Hence, the received SNR is:
E{X, )  E{X,]} _ [H*¢,

Received SNR, = = = =
¥ Var{Wk} No/lHp|? No

: ’Hk’2g s 1 = 2
Average Received SNR = Z NN Z |H, |
No k=0

If h[n] is normalized, then —Zk |H[K]|> = 3 |h[n]|*> = 1. Therefore:

Average Received SNR = %

0
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SER of 4-PAM

For 4-PAM, the &,,, and SER are

O O

O
N
o
S, O,
S~
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SER of 16-QAM

For 16-QAM, the &,, o and SER are

_ 2 _ 2
Es=2XE; ypay and 0% =2 X 0ipay

SER:Pe:1_Pc:1_P24PAM:1_(1—P4PAM)2

C, €,

S (1e(E)
w({Z) - (5)

Our model is Y, = X, + W,, where &, = E{|X,|?} and W,, ~ CN (0, T, ‘2) Therefore:

H 26\ 9 Hy |2,
SER’“:?’Q( ‘;J‘VO >_4Q2< |5kz|v )
0
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BER of 16-QAM

The SER of standard 16-QAM is

[H € 92 [ [Hi*E
P — S _ S
ek = 3Q ( 5N, ¢ 5N,
And for gray coding, P, ~ P, /4.
Hence, the BER of the kth symbol is
3 | Hy[2E 9 o2 [ [1Hi*¢
P ~ — S = S
bi~ 3@ ( 5N, 16Y 5N,
The average BER is
3 |H|2E 9 |H|2E
BER = E{P, ~ F< - s 202 s
B =EiP ) {4Q ( 5N, 16Y 5N,
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Appendix : BPSK Code 1

% Simulation baseband OFDM with BPSK modulation in staitc channel with AWGN
gqfunc = @(x) ©.5 * erfc(x / sqrt(2));
rng(1ee);

%% Parameters

% BER to transmitted SNR_dB curve
SNR_TX_dB = ©:1:16; % Transmitted SNR
sim_pts = length(SNR_TX_dB);

BER_sim = zeros(1, sim_pts);
BER_theor = zeros(1, sim_pts);

% Transmitter

M = 64 * 1e5; % Transmit M bits, multiple of N
N = 64; % Number of subcarriers

mu = 16; % Length of CP

Es = 1; % Transmitted symbol energy

num_ofdm_symbols = M / N; % Number of ofdm symbols

% Channel

L = 5; % Length of channel

h =8.5 .~ (0:L-1) * (1 + 1j);% Static channel (LTI), complex
h = h / norm(h); % Normalization

H = fft(h, N); % Frequency response

B

Receiver
offset = @; % Different fft window
k = (@:N-1)."; % Frequency index
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Appendix : BPSK Code 2

%% Loop for different SNR_dB value
for i = 1:sim_pts
SNR_TX = 1@~(SNR_TX_dB(i) / 1@); % SNR_dB = 18log(SNR)

%% Transmitter

b = randi([@, 1], 1, M); % Serial bits

bpsk = 2 * b - 1; % BPSK modulation

X = reshape(bpsk, N, num_ofdm_symbols); % S/P = construct a matrix X in which every column is a fr
x = ifft(X, N) * sqrt(N); % IDFT

x_cp = [x(end - mu + 1 : end, :); x]; % Add CP

x_cp_serial = x_cp(:); % P/S

%% Channel
r_LTI = filter(h,1,x_cp_serial);

% AWGN

Ne = Es / SNR_TX; % SNR_TX = Es / Ne

sigma2 = N@ / 2; % Var of noise for Re & Im

w = sqrt(sigma2) * (randn(size(r_LTI)) + 1j * randn(size(r_LTI))); % Complex Gaussian white noise
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Appendix :

BPSK Code 3

%% Receiver
r_serial = r_LTI + w; % Equivalent baseband received signal
r = reshape(r_serial, N + mu, num_ofdm_symbols); % P/S

y = r(mu + 1 - offset : end - offset, :); % Minus CP

Y = fft(y, N) / sqrt(N); % DFT

Y = Y .* exp(lj*2*pi*k*offset/N); % Recover the phase from time shifting
Y_eq = real((conj(H) ./ abs(H)).' .* Y); % Equalization

b_hat = (Y_eq > @); % Decesion

b_hat = b_hat(:).'; % P/S

%% Error

total_error = sum(b_hat ~= b);

%% BER

% Theoretical BER

BER_k = gfunc(sqrt(2 * abs(H).”2 * Es / N@)); % BER for each subcarrier
BER_theor(i) = mean(BER_k); % Average BER

% Simulated BER
BER_sim(i) = total_error / M;

end

%% Plot
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Appendix : 16QAM Code 1

% Simulation baseband OFDM with 16QAM modulation in staitc channel with AWGN
afunc = @(x) @.5 * erfc(x / sqrt(2));
rng(1ee);

%% Parameters

% BER & SER to SNR_dB curve
SNR_dB = ©:1:22; % SNR = Es/N@
sim_pts = length(SNR_dB);
BER_sim = zeros(1, sim_pts);
BER_theor = zeros(1, sim_pts);
SER_sim = zeros(1, sim_pts);
SER_theor = zeros(1, sim_pts);

ES

Transmitter

= 64 * l1le5; % Transmit M bits, multiple of N*k_QAM
N = 64; % Number of subcarriers

mu = 16; % Length of CP

Es = 10; % Transmitted average symbol energy

M_QAM = 16; % 16-QAM

k_QAM = 4; % bits per symbol, log_2(16)=4

=

num_ofdm_symbols = M / (N * k_QAM); % Number of ofdm symbols

% Channel

L = 5; % Length of channel

h = 0.5 .~ (@:L-1) * (1 + 1j);% Static channel (LTI), complex
h = h / norm(h); % Normalization

H = fft(h, N); % Frequency response

% Receiver
offset = @; % Different fft window
k = (©:N-1)."; % Frequency index
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Appendix : 16QAM Code

%% Loop for different SNR_dB value
for i = 1:sim_pts
SNR = 10~(SNR_dB(i) / 1@); % SNR_dB = 1@10g(SNR)

%% Transmitter

b = randi([e, 1], 1, M); % Serial bits

gaml6 = gammod(b.', M_QAM, 'gray', 'InputType','bit', 'UnitAveragePower', true); % 16QAM modulation

gaml6 = gamlé * sqrt(Es); % Average symbol energy = Es

X = reshape(qaml6, N, num_ofdm_symbols); % S/P = construct a matrix X in which every column is a freq domain OFDM symbol
x = ifft(X, N) * sqrt(N); % IDFT

x_cp = [x(end - mu + 1 : end, :); x]; % Add CP

x_cp_serial = x_cp(:); % P/S

%% Channel
r_LTI = filter(h,1,x_cp_serial);

% AWGN

Ne = Es / SNR; % SNR = Es / Ne

sigma2 = N@ / 2; % Var of noise for Re & Im

w = sqrt(sigma2) * (randn(size(r_LTI)) + 1j * randn(size(r_LTI))); % Complex Gaussian white noise

%% Receiver
r_serial = r_LTI + w; % Equivalent baseband received signal
r = reshape(r_serial, N + mu, num_ofdm_symbols); % S/P

y = r(mu + 1 - offset : end - offset, :); % Minus CP

Y = fft(y, N) / sqrt(N); % DFT

Y =Y .* exp(lj*2*pi*k*offset/N); % Recover the phase from time shifting

Y_eq =Y ./ H."'; % Equalization

b_hat = qamdemod(Y_eq, M_QAM, 'gray', 'OutputType', 'bit', 'UnitAveragePower', false); % Decesion
b_hat = b_hat(:)."; % P/S
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Appendix

- 16QAM Code 3

%% BER

% Simulated BER

total_bit_error = sum(b_hat ~= b);
BER_sim(i) = total_bit_error / M;

% Theoretical BER

Q = gfunc(sqrt(abs(H).”2 * Es / No / 5));

SER_k = 3 * Q - 9/4 * Q.~2; % SER for each subcarrier
BER_k = SER_k / 4; % For gray coding, Pb ~= Pe/4
BER_theor(i) = mean(BER_k); % Average BER

%% SER

b_sym = gamdemod(qam16, M_QAM, 'gray', 'OutputType', 'integer',

b_sym_hat = gqamdemod(Y_eq, M_QAM, 'gray', 'OutputType’,
b_sym = b_sym(:);
b_sym_hat = b_sym_hat(:);

% Simulated SER
total_symbol_error = sum(b_sym ~= b_sym_hat);
SER_sim(i) = total_symbol_error / (M/4);

% Theoretical BER
SER_theor(i) = mean(SER_k); % Average SER

'integer’,

'UnitAveragePower', false);

'UnitAveragePower', false);

end

%% Plot
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The End
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